We study boundary regularity of weak solutions of the three dimensional NavierStokes equations in a half-space. We prove that a weak solution , which is locally in the class
Introduction
In this paper we study the boundary regularity of weak solutions of the Navier-Stokes equations in under the assumption that pressure is bounded at the boundary (see [4] ).
Our goal is in this paper is to improve the local regularity near boundary when a weak solution . We prove the following. The proof will be given in Section 3. Unlike in the interior case, it is not clear that Hölder continuity implies higher regularity in space variables at a boundary point. Our main tool is an estimate for the Green tensor of the Stokes system in a half-space, which seems to be independent interest. A representation formula for the solution of the Stokes system with nonzero initial and the boundary data or non-zero external force and initial data were found by the S. Ukai (see [18] ) and M. Cannone, F. Planchon, and M. Schonbek (see [3] ), respectively. In this paper, we prove the following point-wise estimates of the Green tensor 
Main Theorem Let

9
. Although such an estimate may probably not be surprising to experts, we were not able to find it in the literature. The estimate seems to be useful in other situations.
The plan of this paper is as follows:
In section 2, we first review some results by E. B. Fabes, B. F. Jones and N. M. Riviere (see [5] ) and Solonnikov (see [13] ) and use them to derive the Green tensor for the Stokes system in the half-space. With the aid of the representation formula of the Stokes system, we obtain (3).
In section 3, we present the proof of the main theorem.
2 Green tensor in a half-space
Preliminaries
Let us begin with some definitions and notations used throughout this paper.
We denote the whole space and the half-space by 
Let r u and be nonnegative integers and
If there is no confusion, summation convention is understood over repeated indices running from 1 to
. The capital letter is used to denote the generic constant, the value of which may change from line to line.
In this section, we find the Green tensor and their estimates for the following Stokes system in the half-space
and initial and boundary conditions are 
then the solution G of (4) and (5) can be represented as follows:
The strategy for obtaining the Green tensor t £ ë is to combine the Green tensor for the whole space # % $ proved in [5] and the Green tensor for the boundary value problem for the Stokes system in a half-space proved in [13] . Let us first recall the Green tensor, the fundamental solution of the Stokes system for the whole space # % $ (see [5] 
It is well known that unknowns ø and are represented as follows:
Moreover, û and m are explicitly given as follows:
and 
, solves (8) . Besides when it is restricted to a half-space, it solves
In general, since
is not zero, ø may not be a solution for (4 
With the aid of the Green tensor and their estimates for the half-space in [13] 
where r p and | are defined as follows (see [13, page 37, 40] ).
In addition, they satisfy the following relations (see [13, page 40]):
where
. Now we consider the boundary value problem of the Stokes system in a half-space:
The solution of the problem above is given by (see [13, page 53]) 
is explicitly given as follows (see [13, page 48]):
Furthermore, the following estimate holds (see [13, page 42]):
. Therefore, with the aid of the representation formula, we have, for
Although the explicit representation formula of a pressure is also available (see [13, page 48 , 52]), it is omitted because it is not needed for our purpose. To sum up,
solves the following boundary value problem of the Stokes system:
According to (19), we get the Green tensor for the half-space:
Besides, we can easily check that
solves the Stokes system (4).
Point-wise estimates of Green tensor
In this subsection, we show the point-wise estimate of t £
, which enable us to apply the potential method for the Navier-Stokes equations for investigating the regularity problem near the boundary in a half-space, which will be discussed in section 3. and '
Indeed, the tangential derivatives (for example h 7 9
) are easily estimated. If D h
, it could be estimated as the case that ß 7 9
and ' by using the integration by parts successively. To be precise, we recall first the representation of 1 ë already mentioned in (17).
Note that the first term of 1 satisfies heat equation and the last one holds the Laplace equation. In addition, for the second term, we can use the relation (15) . To sum up, in this proof, we consider only the case that ' ' 9 s r u '
, and '
, which is sufficient for proving (25).
We first denote disjoint sets and p , for simplicity, in # ¦ $ B £ defined as follows: For given
Notice that, on each separated set or p , the following relations hold: 
Let us first consider the first term
, which is also split into two parts depending on the range of time interval.
, using the estimate (18) and relations (27), and (27), we obtain
. Before considering the second term,
, let us recall the representation of
Changing the variable P A 4 by , we have 
, we obtain
The second term is easily estimated by (18) and (21). Indeed,
Similarly, using the relations (27),
R x
is estimated as follows. . To be precise, using the relation
After the simple calculations, we have 
Using notations above, we get 
With the aid of the estimate (14) and the relations (27), the first term,
, can be estimated as follows. 
Changing the variable 4 by P A 4
and using (29), we get
We note that the first and second integrals except for the last one can be estimated as before, because the former has only tangential derivatives and the latter is the second derivative of the fundamental solution of the heat equation. Thus the details are omitted for those cases. Indeed the most difficult one is the last integral. Disregarding the three terms and only considering the last term, with the aid of the integration by parts, we have
where we used facts that
is zero at
' 9
and for the spatial variable the decay rate of integrand is k µ ¹ $ B £ À at infinity. Let us first consider the second term. Using the estimate (13) and (21), and properties of (27), we have
where 9 §
. Thus, it remains to estimate the first term ö p . According to estimates (13), (21), and (27), we have 
Using the fact that
$
, we estimate the first term as follows.
where is any number with 9 5
. It remains to estimate the second term, ö q
. Using the relation 
for any 7 X 9
with S ' C W P c (see theorem 3.1 in [18] ). Our point-wise estimate of the Green tensor also gives the simple proof of the estimate (32).
Boundary regularity of the Navier-Stokes equations
In this section, using the estimates of the Green tensor for the Stokes system obtained in previous section, we study the boundary regularity of the Navier-Stokes equations (1) with initial and boundary conditions (2) near boundary in an C P dimensional half-space. A weak solution G means, as usual, it is in the class
and in addition, it holds the followings:
for all
, and
Finally, it satisfies the global energy inequality
To complete the proof of Main Theorem, we first prove the following crucial Lemma. 
Due to the global energy inequality (34), the last term is bounded by given data. 
is a bounded operator, and holds the following estimate:
For simplicity, we write, from now on, The last inequality comes from U $ '
, which is equivalent to ' U P 5 W P $ c
. Since G and is compactly supported as mentioned earlier, we obtain (39), which automatically implies (40). We note that representation of G in (38) can be rewritten as follows:
. In order to completes our arguments, at the beginning we decompose 
